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In this paper, we present some general considerations about data analysis from the
perspective of a physical scientist and advocate the physical, instead of mathematical, analysis of data. These considerations have been accompanying our development
of novel adaptive, local analysis methods, especially the empirical mode decomposition
and its major variation, the ensemble empirical mode decomposition, and its preliminary mathematical explanations. A particular emphasis will be on the advantages and
disadvantages of mathematical and physical constraints associated with various analysis
methods. We argue that, using data analysis in a given temporal domain of observation
as an example, the mathematical constraints imposed on data may lead to diﬃculties
in understanding the physics behind the data. With such diﬃculties in mind, we promote adaptive, local analysis method, which satisﬁes fundamental physical principle of
consequent evolution of a system being not able to change the past evolution of the
system. We also argue, using the ensemble empirical mode decomposition as an example, that noise can be helpful to extract physically meaningful signals hidden in noisy
data.
Keywords: Physical analysis of data; global domain analysis; adaptivity; locality;
noise-assisted data analysis; empirical mode decomposition; ensemble empirical mode
decomposition.
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1. Introduction
“Science is built up with facts, as a house is with stones. But a collection
of facts is no more a science than a heap of stones is a house.”
When Henry Poincaré (1905) made this statement, he was calling for all the means
to convert facts (data) into the ediﬁce of science. In one of these means, the data
obtained from observation, experimentation, and measurements, are inspected,
denoised, transformed, and decomposed, and organized into testable hypotheses,
theories, and laws. This process of determining the nature and relationship from
the raw data is called data analysis, which leads to the mathematical modeling
of the data and prediction of a system’s evolution. The correctness of the mathematical models and predictions are further tested by the results of the analysis of
new data.
Just as a heap of stones can be built into diﬀerent houses based on diﬀerent blueprints, diﬀerent methods of data analysis applied to raw data can lead
to extracting diﬀerent useful information about the system described by the raw
data. Often, the data analysis reﬂects the expertise and interests of a researcher and
exaggerates the points of interest in the data. For example, from a statistician’s perspective (Lindley, 2000), “it is only the manipulation of uncertainty that interests
us. We are not concerned with the matter that is uncertain. Thus we do not study
the mechanism of rain; only whether it will rain.” However, from the perspective
of atmospheric scientists, the physical mechanism of rain is of more interests. For
them, understanding the physical laws governing rain is essential to constructing
mathematical models and making predictions of rain. From this stand point, how
to analyze data becomes crucial.
In this paper, we will present some general considerations about data analysis from the perspective of a physical scientist and promote the physical, instead
of mathematical, analysis of data. These considerations originated from studies of
many well-established and widely used methods, such as statistical analysis (e.g.,
Lindsey, 2004), Fourier spectral analysis (e.g., Bloomﬁeld, 2000), and wavelet analysis (e.g., Daubechies, 1992), and from our development of novel adaptive, local
analysis methods, especially the empirical mode decomposition (Huang et al., 1998,
1999, 2003; Flandrin et al., 2004; Wu and Huang, 2004; Wu et al., 2007; Huang and
Wu, 2008; Huang et al., 2009; Wu et al., 2009), its major variation, the ensemble empirical mode decomposition (Wu and Huang 2009; Wu et al. 2009), and its
mathematical explanations (Hou et al., 2009; Daubechies et al., 2009). The particular emphasis will be on the mathematical and physical constraints associated
with various analysis methods. We argue, using data analysis in a given temporal domain of observation as an example, that the mathematical constraints hidden in a data may lead to diﬃculties in understanding the physics behind the
data to be analyzed. With such diﬃculties in mind, we promote adaptive, local
analysis method, which satisﬁes fundamental physical principle that consequent
evolution of a system should not be able to change the past evolution of the
system.
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The paper is arranged as the following: Sec. 2 will discusses the limitations of
global domain analysis, which is the foundation for many currently widely used
methods. Section 3 discusses the advantages of adaptive basis of a method. We
further argue in Sec. 4 that, to extract physically explainable components of signals,
adaptivity is not enough, and locality should be a basic characteristic of a method
so as to eﬀectively reﬂect the nonlinear, nonstationary features of the signal hidden
in data. Section 5 discusses the harmony between noise and signal and noise-assisted
data analysis. A summary is presented in the last section.
2. Global Domain Data Analysis, Mathematical Rigor,
and Physical Intuition
The importance of mathematics in natural sciences was well discussed in Eugene
Wigner’s seminal essay (Wigner, 1960). In his essay, Wigner argued for the role
mathematics played in the formation of theories of physics, emphasizing the “unreasonable eﬀectiveness” of mathematics in accurately expressing and generalizing
important discoveries of physics although the rationales behind this unreasonable
eﬀectiveness are hard to explain and remain a mystery, which led to the searching for the answers to the question of whether God is a mathematician (Livio,
2009). There are opposite views on the role of mathematics in sciences, for example, Rohrlich (1996), using similar examples described in Wigner’s essay, argued for
the importance of physical intuitions that are disconnected from mathematics in
the creation of theories of physics. The views on the eﬀectiveness of mathematics
(opposite to Wigner’s) of scientists working in diﬀerent ﬁelds of science have even
led to the creation of a catchphrase “unreasonable ineﬀectiveness of mathematics”
(e.g., Borovik, 2009; Velupillai, 2005).
In the ﬁeld of data analysis, we have seen similar perspectives in the developments and usages of analysis methods. To many, a method that follows wellestablished mathematical rules is justiﬁed for its application to any real-world
problem for the rigor of mathematics provides the rigor in the analysis of data.
To others, they feel more the rigidness rather than rigor of the mathematical rules
behind an analysis method and use methods that follow more of their physical intuitions to solve practical data analysis problem. For sure, these two perspectives can
hardly be united to perfection into one. The question is, thereby, which perspective
should be preferred more when searching the physical essence hidden in data is the
main purpose of data analysis.
To answer this question, we need to understand the drawbacks behind each
perspective. Currently, many data analysis methods widely used in practical data
analysis are global domain analysis methods which have well established mathematical rules. One of the most widely used mathematical properties in data analysis
is the orthogonality, which, for two state vectors (series), ui and vi , i = 1, N, is
deﬁned as
N

ui vi = 0
(1a)
u, v =
i=1
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Similarly, for two (piecewise) continuous functions f (t) and g(t), they are said
to be orthogonal if the inner product of them within a given interval [a, b]
satisﬁes
 b
f (t)g(t)dt = 0
(1b)
f, g =
a

To illustrate the side eﬀect of such a mathematically well established property in
data analysis, we use the Fourier transform as an example. The Fourier transform
is named after Joseph Fourier’s pioneering work of using a series of trigonometric
functions to expand a function when he studied the problem of heat transport in
solid bodies. Fourier’s work was ﬁrst reported to Paris Institute (the later French
Academy) in 1807 and got little notice. It took about 15 years for him to formally
publish one of the greatest contributions to sciences (mathematical and nonmathematical) and engineering in human history (Grattan-Guinness, 1972; Herivel, 1975).
It took another few decades for scientists to realize the great potential usage of
Fourier series in mathematical understanding and modeling of a physical system.
A milestone work of using Fourier transform to understand a physical system was
Von Helmholtz’s theoretical analyses of the operation of the ear in 1863. The Von
Helmholtz model was based on a Fourier spectral analysis, in which the spectral
representation in frequency domain was introduced. Since then, the applications
of Fourier spectral analysis as a data analysis tool took oﬀ and became extremely
popular after Cooley and Tukey’s work (Cooley and Tukey, 1965) on fast Fourier
transform.
In Fourier spectral analysis, the orthogonality is the key constraint. A data
series of a given length N are expanded into the sum of trigonometric functions of
given frequencies (if the data is a time series) or of given wavelengths (if the data
is a spatial series). All the frequencies/wavelengths are determined by the data
length N , i.e., frequencies/wavelengths of 2nπ/N , where n = 1, 2, . . . , mod(N, 2).
When data length N changes, all frequencies/wavelengths change as well. This
expansion is unique and complete. The selected frequencies/wavelengths provide
that the product of the two trigonometric functions are orthogonal to each other so
that the Parseval’s theorem, the sum (or integral) of all the square of individual data
values is equal to the sum of the square of amplitude coeﬃcients of trigonometric
functions, is automatically satisﬁed. While this constraint brings many conveniences
in mathematical generalization of the decomposition of data, it also brings serious
side eﬀect in understanding a data series if the series is from the observation of a
natural physical system.
This side eﬀect can be understood through the Fourier analysis of data from a
simple physical system. Suppose that we are working with a water wave tank in
a laboratory. We have two wave generators at the one end of the tank that excite
surface water waves of diﬀerent frequencies and a probe near the wave generator
to measure the height of the water surface. Assuming that the excited waves are
sinusoidal functions of time when they reach the probe, we have the height of water
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Fig. 1. The signals and their Fourier spectra. In the upper panel, the bold black line is the sum
of two sinusoidal curves (blue and red, including both the solid and dashed parts). In the lower
panel, the blue dots are the Fourier spectrum of the solid part of the bold black line in the upper
panel over the time interval from 0 to 400; the red dots are the same as the blue dots but the
spectrum is calculated for the bold black line over the interval from 0 to 450.

surface h(t) given by




2πt
2πt
h(t) = a1 sin
+ a2 sin
T1
T2

(2)

where a1 and a2 are constant amplitudes and T1 and T2 are periods of water waves
excited by two diﬀerent wave generators. For simplicity, the measurement is made
at integer time intervals of one unit and T1 and T2 are set to be 100 and 200 units,
respectively; and a1 and a2 are set to be 1. The measured surface height is plotted
in the upper panel of Fig. 1.
When Fourier spectral analysis is applied to the measured surface height for the
time span 1–400, we obtain two perfect nonzero spectral values, as displayed by the
two blue dots in the lower panel of Fig. 1. In this case, the two components derived
from the Fourier spectral analysis are orthogonal and unrelated to each other over
this interval, which truthfully reﬂects the physical properties of the system of the
sum of two waves. However, if the Fourier spectral analysis is performed on the
same measurement for the time span 1–450, we obtain tens of obviously nonzero
spectral values and none of them corresponds to the actual waves excited by the
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two wave generators. Since the orthogonality of each pair of the Fourier components
to some degree implies that each wave of a particular frequency is not correlated
with any other wave, the result from the analysis of the recorded surface height of
an arbitrarily selected length could lead to the misinterpretation that the surface
height is caused by tens rather than two wave generators. It should be also noted
here that the above system, albeit simple, is typical in many application ﬁelds, and
similar examples could be easily found.
The physically untruthful interpretations based on the analysis of the above
system cast shadows on the usefulness of Fourier spectral analysis in the analysis
of nonstationary data. The problem, to a large degree, is caused by the analysis
that is over the global domain of the observed data combined with orthognality
constraint built in the Fourier spectral analysis, which implicitly assumes that the
observed data will be forever repetitive and therefore, from a mathematical perspective, the physical systems described by the observed data over diﬀerent selected
observational records are diﬀerent although they are indeed the same. This implicit
assumption caused the components in one domain being not the components in the
other domains even over the part of the overlapped domain. It should be noted
here that for the analysis of data from a physically ﬁxed spatial domain, such
as the analysis of the vibration of a string with two ﬁxed ends, the selection of
the global spatial domain leads to the Fourier components in spatial domain also
reﬂecting truthfully the dominant resonant spatial oscillation patterns. However,
for the analysis of a time series which records the evolution of a physical system,
the luxury having two ﬁxed ends in temporal domain does not exist. Therefore,
we lack legitimate physical justiﬁcations for the preference of one temporal domain
over others.
In general, the analysis methods that can only be applied over global domain
often cannot avoid the sensitivity of results to the selection of the domain. In this
sense, global domain analysis with well established mathematical foundation may
not be eﬀective in extracting essential physical information of a physical system that
evolves. Therefore, the alternative perspective that emphasizes physical intuition
may be a more natural choice of analysis.
It should be noted that a perfect mix of rigorous mathematics and physical
intuitions often leads to a revolution in data analysis. An illustrative example is the
many times of the rediscovery of wavelet analysis. Undoubtedly, Harr constructed
a complete and orthogonal set now called Haar wavelet in 1909. However, it was
the intuitive rediscovery of wavelet and its applications to geophysical data analysis
by Jean Morlet, a French geophysicist working in an oil company who was tired of
using windowed Fourier transform to analyze data that led to the later extensive
research of wavelet in mathematics and popular applications of wavelet in almost
all the ﬁelds of science. However, the perfect mix often follows a route from building
an analysis method based on physical intuition to mathematical understanding of
the method and then using currently available mathematics or newly developed
mathematical tools to generalize the method for more great use.
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3. Adaptiveness
The ultimate goal of scientiﬁc data analysis is to extract useful information on
the evolution of a system and to predict the future evolution of the system. For
many natural systems, such as the Earth’s climate system, their evolutions involve
numerous nonlinear interactions and are under nonstationary external forcings.
In addition to that, the data that reﬂect the evolution of a natural system are
often collected in a noisy environment and hence containing noise. When such
data are analyzed, numerous diﬃculties need to be overcome and the problems of
nonlinearity, nonstationarity, and noise associated with data need to be properly
handled. In these situations, the adequacy of a data analysis method becomes a
crucial issue; understanding the assumptions behind a method and its advantage
and disadvantages also becomes important.
Many previous data analysis methods, such as Fourier transform-based methods, discrete wavelet analysis, etc., involve decomposition of data using a complete
and orthogonal set. When such methods are used to analyze data, often, there are
hidden assumptions of data to be analyzed. For example, in Fourier spectral analysis, data is decomposed into components of trigonometric functions of diﬀerent
amplitude and frequency. Since the trigonometric functions used in the analysis
are all periodic functions of the length of the data, when the method is applied,
an implicit assumption that the future evolution will repeat the evolution is made.
This assumption is usually not consistent with the data collected from the observation of a natural system. In addition to that, when a selection of a complete
and orthogonal set to decompose data is made, the preference of one complete and
orthogonal set to others is not based on physical reasons for the suitability of a set is
not a known a priori. In this sense, the selection of a complete and orthogonal set is
quite subjective. Often, diﬀerent selections lead to diﬀerent physical interpretation
of the data.
An alternative approach of data analysis is to let data determine the basis that
are used to decompose themselves, i.e., using adaptive basis. However, to deﬁne
adaptive basis of data, some a priori determined constraints need to be applied.
For example, in empirical orthogonal function (EOF) analysis (also called principal
component analysis, PCA), the covariance matrix of temporal–spatial data is used
to obtain the orthogonal basis. The ﬁrst principal component obtained in this way
can be considered as the result of maximizing the variance of the data explained,
which is consistent with the results obtained using a variational method that maximize variance (Monahan et al., 2009). While EOF analysis avoids using a priori
basis, it invokes a new mathematical (but not physical) quantity, the covariance
matrix, to determine a complete and orthogonal basis, in which physical considerations are not integrated into the determination of the a posteriori basis. Since
covariance matrix is derived from data over the global temporal/spatial domain
of the data, often, the results from EOF analysis are quite sensitive to the selections of spatial or/and temporal domain. A variation of the EOF analysis, singular
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spectrum analysis (SSA, see Ghil et al., 2002) for time series analysis, which uses
phase space reconstruction based on the time series to obtain equivalent (phase)
space–time domain data set, has the similar sensitivity problem to the length of the
time series and the a priori determined dimension of the reconstructed phase space.
With the above concerns, a natural question that follows is whether it is possible
to deﬁne adaptive basis that do not invoke seemingly unreasonable mathematical
constraints for scientiﬁc data analysis.
Our answer to the above question is positive in light of the recent development
of the Hilbert–Huang transform (HHT) (Huang and Wu, 2008). In HHT, the key
component is the empirical mode decomposition (EMD), which decomposes the
data in terms of “natural” waves, called intrinsic mode functions (IMFs). An IMF
is an amplitude-frequency modulated wave of which the timescale of amplitude
modulation is much longer than the timescale of the carrier wave at any local time.
Indeed, the principles behind EMD are very simple and intuitive, as illustrated by
Fig. 2. Suppose, there are two signals of diﬀerent frequencies and amplitudes at any
time come from diﬀerent sources, the blue lines in the top two panels. The overall
signal recorded by a signal receiver will be the black line in the bottom panel. If all
Signal #1
5

0
−5

0

100

200

300

400

500

600

400

500

600

400

500

600

Signal #2
5

0
−5

0

100

200

300

Signals 1+2
5

0
−5

0

100

200

300

Fig. 2. The sum and the separation of amplitude–frequency modulated “natural” waves. In the
top and middle panels, natural waves of diﬀerent frequencies (blue lines) and their envelopes
(positive and negative amplitudes, brown lines) are plotted. In the bottom panel, the sum (black
line) of the two natural waves, the envelopes (brown lines) of the sum, and the mean (blue line)
of the envelopes are plotted.
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the maxima and minima are connected with smooth brown lines separately, it is
found that the mean of the brown lines at any temporal location is the blue line
in the lower panel, which is almost identical to the blue line in the middle panel.
Subtracting the mean of the envelopes from the overall signal will naturally isolate
the riding wave of high-frequency from the low-frequency wave on which it is riding.
In this way, waves of high-frequency and of low-frequency are naturally separated
in terms of natural waves. For a more complicated signal x(t), such a separation
process can be repeated level by level to extract riding waves from high frequencies
to low frequencies, i.e., x(t) can be expressed as


n
R

aj (t)ei ωj (t)dt  + rn
(3)
x(t) = Re
j=1

where Re[•] represents the real part of “•,” aj (t) and ωj (t) are instantaneous
amplitude and frequency of jth IMF, respectively. In Eq. (3), the residue, rn , is
not expressed in terms of an simple oscillatory form on purpose, for it is either a
monotonic function, or a function with only one extremum, not containing enough
information to conﬁrm whether it is an oscillatory component whose frequency is
physical meaningful.
An interesting feature of EMD is the way it determines the amplitude–frequency
modulated riding waves. From pure mathematical perspective, a continuous function x(t) can be expressed as the product of an arbitrarily given constant amplitude
(frequency) wave (regardless whether frequency changes or not) and a corresponding changing frequency (amplitude) function if there is no constraint being applied
to the amplitude and frequency at any local time. The requirement of timescale of
amplitude modulation being much longer than the timescale of the carrier wave at
any local time, which is intuitively based on our observation of natural waves, provides a useful constraint for determining (uniquely) the envelopes of riding waves.
This requirement also provides the justiﬁcation for using only the extrema information to determine the amplitudes of IMFs for EMD: since the distance between
two neighboring maxima (minima) provides a wavelength (timescale) of the riding wave, the envelopes deﬁned based on the connection of neighboring maxima
(minima) with a low-order polynomial (spline) automatically satisﬁes the timescale
requirement for the riding wave. It is also fair to say that the extrema are the
data points of a wave that carries most eﬃciently the wave information: connecting
neighboring extrema even with straight lines without using any other data of a
wave could provide qualitative information of a wave, such as approximate changes
of wave frequency and amplitude. As a contrast, zero-crossing points could only
provide some information on the change of the frequency of waves, but not amplitude. For complicated data that include many waves of diﬀerent frequencies, the
zero-crossing information could not be determined, however, the extrema of the
riding wave tend to emerge with respect to the sum of waves of signiﬁcant lower
frequencies. In this sense, using extrema information to determine the riding wave
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is a natural selection, and is expected to carry more physical information of the
data. It should be noted here that when the frequency of the riding wave is not
signiﬁcantly higher than its reference low frequency waves, EMD faces diﬃculties in
separating waves, even for a simple case of a composite signal of two tones. In such
a case, the amplitude ratio of two-tone signal becomes crucial for clean separation.
A systematic study of such a problem can be found in Rilling and Flandrin (2008).
In summary, it is arguable that EMD does not invoke any signiﬁcant mathematical constraint but is based on physical intuitions. Wave is the basic ingredient
of our interpretation of the physical world and the wave packet behaves like a particle. In this sense, the EMD is a method that decomposes the complicated signal
in terms of the basic ingredients of the physical world. The inclusion of amplitude
and frequency modulation in a component provides capability of reﬂecting the complication of the physical world caused by nonlinear interactions and nonstationary
external forcings.

4. Locality
In the previous two sections, we have illustrated the problems of various analysis
methods that use a priori basis or adaptive basis derived from satisfying mathematical constraints. We argued that the intuitively developed EMD, which uses adaptive basis of “natural” waves and invoke few mathematical constraints, provides an
alternative paradigm of data decomposition and can alleviate some problems caused
by imposing mathematical constraints. Indeed, there are numerous studies to show
that EMD does have many advantages over many other widely used data analysis
methods (e.g., Huang and Attoh-Okine, 2005; Huang and Shen, 2005) when they
are used to extract physically meaningful signals. However, in previous sections, we
have not discussed how EMD handles the nonlinear and nonstationary problems. In
this section, we argue that the temporal/spatial locality should be a requirement of
any data analysis method if the goal of data analysis is to understand the physics of
a system behind the data. We also argue that EMD can handle eﬀectively nonlinear,
nonstationary problem due to its temporal/spatial locality.
As we have known, the subsequent evolution of a physical system cannot alter
the reality that has already happened. Suppose that the evolution of a physical
system involves nonlinear and nonstationary change, the physics behind that evolution in a given period may be unique to that period. For example, the suspended
lamp in the cathedral of Pisa did not always swing, when Galileo made observation
of it. If Galileo had calculated the averaged period of a swing by dividing the total
observation time with the total number of swings, he probably would have made
a wrong discovery, for there must be some occasions the lamp did not swing when
Gelileo made the observation. For him, the discovery was based on the periods when
the lamp indeed swung. Since the swing of the lamp was most likely caused by the
combination of intermittent winds and the gravity while the static lamp is under
the balanced forcing between the gravity and suspension, the swing case and static
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case actually had diﬀerent physics. From this example, it is indicative that the
derived physical interpretation based on the analysis of the data should be unique
for a particular period of observation if it reﬂects the true physics behind a system
evolution, unless the physics repeats again and again or remains the same. From
this argument, one can continue to infer that the analysis of the data extended to
the prior or/and later periods should not change that physical interpretation of the
system evolution in that period, unless a physical process cannot be determined
due to the shortness of the data of that period. In this sense, an analysis method
must satisfy the “temporal locality” requirement based on the physical intuition
and it is expected that such a method would provide a better chance to reveal true
physics.
The popularity and wide applications of the wavelet analysis to scientiﬁc and
engineering ﬁelds since 1970s is indeed rooted in its locality, although the mathematical development of the wavelet analysis can be traced back to the earlier 20th
century (Jaﬀard et al., 2001). The importance of the locality in data analysis and
processing is well reﬂected by a US National Academy report written by Dana
Mackenzie (2002). In her introduction of wavelets to general public, Machenzie
used the title “Wavelets: Seeing the forest and the trees.” While the emphasis of
that article was to illustrate the greatness of the wavelet analysis in data analysis
and data processing (e.g., image compression), the article title indeed pointed out
the most signiﬁcant feature of the wavelet analysis: seeing the trees by extracting
spatially/temporally local features of data, although the details of trees may be distorted due to the use of particular type of wavelet. This locality is also the major
feature of EMD to handle the nonlinear, nonstationary problems of data.
To clarify how various methods treat nonlinearity and nonstationarity hidden
in data, here we discuss three types of methods: Fourier analysis, wavelet decomposition, and EMD-based methods. To illustrate, we use a daily atmospheric CO2
concentration data observed by National Oceanic and Atmospheric Administration
(NOAA) at Mauna Loa (MLO), Hawaii. The data to be analyzed is an arbitrarily
selected 5-year section of that observation (starting from some time around midMay), which is plotted at the top of Figs. 3 and 4. As pointed out by previous
studies (e.g., Buermann et al., 2007), the data are dominated by strong annual
cycle related to the “breathing” of the northern hemisphere biosphere (i.e., the seasonal asynchrony between photosynthetic drawdown and respiratory release of CO2
by terrestrial ecosystems) and a trend mostly related to the increasing fossil fuel
burning. The seasonal cycle of atmospheric CO2 concentration at the MLO, with
a maximum at the beginning of the growing season (May) and a minimum at the
end of the growing season (September/October), has a relatively shorter increasing
period and a relatively longer decreasing period over each year. Therefore, this is
asymmetric with respect to the ridge or trough of the CO2 concentration.
In Figs. 3 and 4, the decomposition results using discrete wavelet (in this case
Meyer wavelet) and ensemble empirical mode decomposition (EEMD), a major
improvement of the original EMD which we discuss in more details later, are plotted,
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Wavelet Decomposition
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Fig. 3. Five years of Mauna Loa CO2 (black line) and its discrete wavelet decomposition (blue
lines). The brown and red lines are the same as the black and blue lines, respectively, but resulted
from applying the same decomposition of the ﬁrst 4 years of the same data.

respectively. To test the temporal locality of each method, we applied each method
to the CO2 concentration of the whole ﬁve years and of the ﬁrst four years. The
normalized Fourier spectra (i.e., the sum of the Fourier spectrum of a time series
over the whole discrete frequency domain of the time series is one), as shown in
Fig. 5, have noticeable diﬀerence at almost all the frequencies. However, for discrete
wavelet analysis and EEMD, the diﬀerence below the timescale of semiannual for the
overlapped period is negligibly small, indicating superb temporal locality at shorter
period components. However, when the period becomes longer, the end eﬀect comes
into the calculation, and some decomposition errors emerge. In wavelet analysis,
the noticeable errors are generally deﬁned using cone of inﬂuence. In EMD/EEMD,
with the end-eﬀect treatment discussed in Wu and Huang (2009), noticeable errors
appear usually within a half-period of a component at the data end.
The temporal locality of analysis makes the stationarity assumption irrelevant,
for the analysis results are not aﬀected by the data far away. Therefore, the temporal
locality of an analysis method automatically bypasses the stationarity assumption,
which is applied over the global domain.
Concerning how nonlinearity of a physical system is dealt within a data analysis
method, we again use the above analysis of CO2 concentration. From a physical
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EEMD Decomposition
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Fig. 4. The same as Fig. 3, but using ensemble empirical mode decomposition instead of discrete
wavelet decomposition.
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perspective, the photosynthetic drawdown and the respiratory release of CO2 by
terrestrial ecosystems represent the two phases of the annual cycle of CO2 . It contains no semiannual cycle. When the data is decomposed using Fourier transform,
the asymmetry of the MLO CO2 concentration is qualitatively represented by a
sinusoidal wave of 1-year period, which is symmetric with respect to its maxima,
and its harmonics, especially seminannual cycle (ﬁgure not shown). To represent
the nonlinear asymmetry of the CO2 concentration, summation of the sinusoidal
annual cycle and its harmonics are necessary, which implies that an individual component of annual cycle is not capable of reﬂecting the nonlinear evolution of the
physically meaningful annual cycle of CO2 concentration. Similar problem exists
for discrete wavelet decomposition, which is displayed in Fig. 3 when a symmetric
wavelet (in this case Meyer wavelet) is used.
When an EMD/EEMD is applied, the harmonic problem is no longer valid. In
EMD, the nonlinearity is expressed by the modulations of amplitude and frequency
(scale), as illustrated by simple nonlinear oscillators (Huang et al., 1998, 1999).
Since EMD approximates the envelope of the riding wave using only extrema information, the waveform between two neighboring maxima (minima) is well preserved,
therefore, the harmonics become unnecessary. Figure 4 illustrates such a result.
5. Noise and Signal
The word “noise” can possibly be traced back to the Latin word “nausea”, meaning “seasickness, feeling of sickness.” In scientiﬁc community, noise refers to disturbance, especially a random disturbance that obscures or reduces the clarity of
a signal. With the deﬁciencies of any observation system and noisy environment,
it is always true that any data based on the observation of a natural system is an
amalgamation of signal and noise
x(t) = s(t) + n(t),

(4)

where x(t) is data, and s(t) and n(t) are signal and noise, respectively.
The detection of signal of a noisy data set is fundamental to information extraction and decision making. However, there are no clear deﬁnitions of “noise” and
“signal” of a noisy data, for noise to someone may be signal to others, such as in
the “cocktail party problem” (McDermott, 2009). From a probabilistic perspective,
the “signal” of data is the invariant part in the implicit modeling of the data from
a non-repeatable observation that can be exactly reproduced while the “noise” is
everything else except that invariant part and is one particular realization of some
stochastic process (Gardner, 1986). Therefore, complete separation of signal and
noise in data requires known characteristics of either signal or noise. When the
noise in the data has distinct characteristics from those of the signal, eﬀective ﬁlters may be designed based on the characteristics of the signal and those of the
noise to separate with suﬃcient accuracy the signal of data from the noise. However, such cases are relatively rare since knowledge of signal in a noisy data set is
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limited prior to the data being analyzed. The problem could be more complicated
if the signal is nonlinear, nonstationary and noise is intermittent. In these cases,
the nonlinearity of the system itself can cause the system to behave like noise at
some stage of the evolution. Overall, the noise in data can be quite detrimental
while extracting useful information from data.
However, in some cases, noise is welcome in data analysis. When the observation
is made of a non-repeatable experiment or of the evolution of a natural system, what
we know about the data before analysis is that it contains noise. Even if noise is
not ﬁlterable, we still need to draw inferences on the hidden physics in data from
the analysis of data. In such a case, a cautious step is taken to check whether the
inferences are sensitive to noise. Often, we determine the sensitivity of the inferences
to the noise by analyzing the data with added noise so as to estimate the robustness
of our inferences. Such an approach is indeed widely used in statistical analysis. In
most of such situations, the noise added is of small amplitude. For those methods of
a priori selected basis, such as the Fourier transform and wavelet analysis, since the
determination of the components are based on the convolution, the sensitivity to
small amplitude noise is usually small. Such insensitivity to the added small noise
provides some conﬁdence on the robustness of the inferences when the Fourier
transform or wavelet analysis is used to analyze data. However, as is discussed
in Secs. 2 and 3, the Fourier transform and wavelet analysis lack adaptivity and
the robust inferences are often not related to the essence of the physics processes
hidden in data. Therefore, the usefulness of noise in many analysis using traditional
methods is small.
As we discussed in previous sections, EMD uses the extrema information to
separate the riding “natural” wave and its reference, and hence, the change of
extrema locations and values could lead to signiﬁcantly diﬀerent results, which
makes the extracted “natural” wave sometimes appears bizarre and very sensitive
to any added noise, for noise could alter the local extrema both in location and value.
One of the consequences of this nature of EMD is that the analysis of two virtually
almost identical data series (suppose the records collected by two almost identical
observations of the same phenomena) using EMD may lead to totally diﬀerent
physical interpretations. This lack of the “physical uniqueness” essentially paved
way for many complaints about the ineﬀectiveness of EMD. One of the solutions to
the above problem was proposed in Huang et al. (2003): to use intermittency test
to alleviate the problem of sensitivity to intermittent noise and to the problem of
one component of data containing waves of drastically diﬀerent temporal scales (the
“mode mixing” problem). However, this solution introduced external intervention
of the analysis by the analyzer.
Recently, we explored a new usage of noise to remedy the problem of high
sensitivity to noise and lack of “physical uniqueness.” The new solution is called
noise-assisted data analysis (Wu and Huang, 2005, 2009; Huang and Wu, 2008)
based on the understandings of characteristics of noise using EMD (Flandrin
et al., 2004; Wu and Huang, 2004, 2005). In Flandrin et al. (2004) and Wu and
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Huang (2004, 2005, 2009), it is shown that the EMD is eﬀectively a dyadic ﬁlter
bank: the Fourier spectra of the natural wave components (called IMFs) are all
identical and cover the same area on semi logarithm period scale, with the peak
frequencies of neighboring components being doubled (or halved). This property
of EMD is essentially the base for the development of the new noise-assisted data
analysis method called the EEMD. In EEMD, the decomposition consists of shifting
an ensemble of white noise-added signal and treating the mean of the corresponding
components from the EMD decomposition of data with added diﬀerent realizations
of noise as the ﬁnal result. The eﬀect of the added white noise in EEMD is to
provide a dyadic ﬁltering reference frame in the time-frequency space; therefore,
the added noise collates the portion of the signal of comparable scale in one IMF,
signiﬁcantly reducing the chance of mode mixing and leading to the stability of
decomposition. As the EMD is a time–space analysis method, the white noise is
averaged out with suﬃcient number of trials. In this sense, the added noise plays
a role of mimicking multiple observations of a phenomenon recorded by a single
observation and serves as a “catalyst” in the decomposition that leads to stable
and more physically interpretable results.
An important practical issue in EEMD is how large the amplitude of the added
noise should be. For most time series that we are going to study, the modern computational power is not a barrier for EEMD even if the ensemble number becomes very
large. However, when the amplitude of the added noise is too large, the extrema
distribution of data themselves may lost its identity, leading to the decomposition
being dictated by the dyadic ﬁlter bank of the added noise and lose the adaptive
nature of EMD by not taking the information of the extrema distribution of the
signal in the original data in the process of obtaining components. On the other
hand, the amplitude of the added noise cannot be too small so that the distribution
of extrema is not aﬀected by the noise originally observed. Therefore, the amplitude
of the added noise in EEMD should be moderate. However, this is a qualitative but
not a quantitative argument. The diﬃculty of a quantitative determination of the
amplitude of the added noise remains in EEMD when it is applied to a particular
time series. There is no universally applicable amplitude of added noise. Fortunately,
from our experience, a range of the amplitude of the added noise that leads to stable
results exists. Since the results of the EEMD analysis can be always supplemented
by the knowledge of a physical system we already have, the determination of the
amplitude of the added noise can be assisted by whether the decomposition leads
to a self-consistent theory that already exists or is newly proposed.
The concept of the noise-assisted data analysis seems to ﬁt into the Taoism
philosophy well. The appeared opposite of “Ying” and “Yang” ﬁnds harmony in
EEMD. Of course, this is not a surprise, for the parallels of the modern physics
and the Eastern philosophy has been noticed (Capra, 1975). EEMD, as an analysis
method for isolating physically interpretable signals, provides a new case of the
harmony between signal and noise: to extract signal using noise. Of course, the
rigorous mathematical understanding of such harmony remains to be developed.
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6. Concluding Remarks
In previous sections, we have presented some considerations on the physical analysis of data. These considerations are quite preliminary. Historical developments of
data physics have pointed to the harmony between mathematical generalizations of
physical systems that lead to great understanding beyond physical intuition. Since
the mathematical understanding of EMD/EEMD is still at its infancy, it remains to
be seen to what degree the physical constraints and mathematical constraints will
come to a harmony in data analysis. We wish future studies in both mathematical
and physical analysis of data will eliminate the gaps between them and make a
seamless merge.
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