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Sample entropy is a widely used tool for quantifying complexity of a biological system.
Computing sample entropy directly using its deﬁnition requires large computational
costs. We propose a fast algorithm based on a k-d tree data structure for computing sample entropy. We prove that the time complexity of the proposed algorithm is
2−

1

O(N m+1 ) and its space complexity is O(N log N ), where N is the length of the input
time series and m is the length of its pattern templates. We present a numerical experiment that demonstrates signiﬁcant improvement of the proposed algorithm in computing
time.
Keywords: Fast algorithm; sample entropy; k-d tree.

1. Introduction
Sample entropy is often applied to quantify the complexity of a physiologic system. Physiologic systems are usually regulated by interacting mechanisms. It is
believed [Costa et al. (2005)] that the complexity of time series derived from
physiologic systems can provide information of the underlying interacting mechanisms. Recently, entropy was used to quantify complexity. Classical entropies
such as the Shannon entropy and the Kolmogorov–Sinai entropy of a dynamic system characterize the rate of generating new information. However, these entropies
are not practical in applications since they require an inﬁnite data series with
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inﬁnitely accurate precision and resolution. In this regard, approximate entropy
[Pincus (1991)] was instead used to quantify complexity, while sample entropy
as an improvement of approximate entropy, which reduces the bias of approximate entropy caused by including self-matches, was proposed in [Richman and
Moorman (2000)]. In terms of sample entropy, multiscale sample entropy was
proposed in [Costa et al. (2002a,b); Costa and Healey (2003)] to quantify complexity of a time series on diﬀerent scales. This family of entropies is also
used in studying electroencephalograph [Abasolo et al. (2005)], renal sympathetic
nerve activity [Zhang et al. (2007)], and many others [Kozuch and Wang (2001);
Pincus and Kalman (2004)].
Calculating sample entropy of a given time series by directly using its deﬁnition (we call it the direct algorithm in this paper) involves counting the number
of its matched pairs. It requires execution time proportional to the square of the
length of the input time series. Under the circumstance that an instantaneous result
of sample entropy of a long time series is required, a fast algorithm for computing
sample entropy is highly desirable. Along this direction, a bucket-assisted algorithm
was proposed in [Manis (2008)] intending to speed up the calculation of approximate entropy. However, the algorithm still requires O(N 2 ) execution time where N
denotes the length of a time series.
The purpose of this paper is to present a fast algorithm for computing sample entropy by exploring a special data structure. Speciﬁcally, we employ a k-d
tree to accelerate counting the number of matched pairs of the pattern emplates
in a times series, which leads to a fast algorithm for computing sample entropy.
1
We prove that the fast algorithm uses O(N 2− m+1 ) execution time where m is the
number of pattern templates of the time series. While applying the proposed fast
algorithm to heart-beat interval time series, numerical experiments exhibit a signiﬁcant improvement on the execution time, which is O(N 1.18 ) on average. When
N = 64, 000, numerical experiments show that the execution time for the fast algorithm is only 2.6% of that for the direct algorithm.
The structure of this paper is as follows. In Sec. 2, we review the concept of
sample entropy and the direct algorithm for calculating sample entropy. We also
estimate the complexity of the direct algorithm. We recall in Sec. 3 the concept of
k-d trees and propose a fast algorithm for calculating sample entropy based on k-d
trees. We provide in Sec. 4, the complexity analysis for the fast algorithm proposed.
In Sec. 5, we apply the fast algorithm to heart-beat interval time series and compare
its numerical performance with that of the direct algorithm. Conclusive remarks are
presented in Sec. 6. In the appendix, we include several lemmas and a proposition
necessary for the development of the fast algorithm.
2. The Direct Algorithm
We ﬁrst review the deﬁnition of sample entropy (SampEn) and the direct algorithm
for calculating it. We begin with recalling the deﬁnition of sample entropy. Let N
denote the set of all natural numbers. For N ∈ N, we let ZN := {1, 2, . . . , N } and
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we use x := [xi : i ∈ ZN ] ∈ RN to denote a time series. For all m ∈ ZN −1 and
i ∈ ZN −m+1 , we deﬁne
xm,i := [xi+j−1 : j ∈ Zm ].

(1)

It is clear that for each i ∈ ZN −m+1 , xm,i represents a subsequence in x of m
consecutive terms. We call xm,i a pattern template of the time series and m the
length of the pattern template.
For all m ∈ N and u, v ∈ Rm , the distance of two vectors u := [ui : i ∈ Zm ] and
v := [vi : i ∈ Zm ] is deﬁned by
d(u, v) := max{|ui − vi | : i ∈ Zm }.

(2)

For all x ∈ RN , m ∈ ZN −1 , and all i, j ∈ ZN −m+1 , we call {xm,i , xm,j } a matched
pair if
d(xm,i , xm,j ) ≤ rσ(x), for a positive real number r,
where σ(x) represents the sample standard deviation of x. The number r is called
the tolerance for accepting matches. For all x ∈ RN , m ∈ ZN −1 , and i ∈ ZN −m , we
deﬁne
Ar (x, m, i) := the number of xm,j such that {xm,i , xm,j } are matched pairs,
for all j ∈ ZN −m \Zi ,

(3)

and
Br (x, m, i) := the number of xm+1,j such that {xm+1,i , xm+1,j }
are matched pairs,
For all x ∈ RN , m ∈ ZN −1 , let
Ar (x, m) :=



for all j ∈ ZN −m \Zi .

(4)

Ar (x, m, i),

(5)

Br (x, m, i).

(6)

i∈ZN −m

Br (x, m) :=



i∈ZN −m

With these notations, sample entropy of a time series x ∈ RN for all m ∈ ZN −2
and r > 0 is deﬁned by


log((N − m)(N − m − 1)), if Ar (x, m)Br (x, m) = 0,
SampEn(x, m, r) :=
(7)
B (x, m)

− log r
,
otherwise.
Ar (x, m)
We next describe the direct algorithm based on deﬁnition (7) for calculating
SampEn.
Algorithm 2.1. Direct algorithm for calculating SampEn.
Input: A time series x of length N, a template length m ∈ ZN −2 , and a tolerance
r > 0.
Output: Sample entropy SampEn(x, m, r).
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Step 1. Compute the sample standard deviation σ(x) of x.
Step 2. For each i ∈ ZN −m , compute distances d(xm,i , xm,j ) for all j ∈ ZN −m \Zi ,
and count Ar (x, m, i) using Eq. (3).
Step 3. For each i ∈ ZN −m , compute distances d(xm+1,i , xm+1,j ) for all j ∈
ZN −m \Zi , and count Br (x, m, i) using Eq. (4).
Step 4. Compute Ar (x, m) and Br (x, m) using Eqs. (5) and (6), respectively.
Step 5. Compute SampEn(x, m, r) using Eq. (7).
We next prove that Algorithm 2.1 requires O(N 2 ) time complexity to compute
SampEn for a time series x of length N . We assume that m is ﬁxed and it does not
increase as N increases. In practical applications, the template length m usually
takes a small integer such as m = 2 or m = 3, refer to [Al-Angari and Sahakian
(2007); Costa et al. (2002a,b,2005); Lake et al. (2002); Richman and Moorman
(2000)].
Proposition 2.2. If x is a time series of length N, then the time complexity and
the space complexity of Algorithm 2.1 are O(N 2 ) and O(N ), respectively.
Proof. We observe that in step 1 of Algorithm 2.1, for a time series x of length N ,
computing the sample standard deviation σ(x) requires O(N ) multiplications and
additions.
In step 2, for each i with i ∈ ZN −m , and each j such that j ∈ ZN −m \Zi ,
Algorithm 2.1 requires m subtractions to compute d(xm,i , xm,j ) and m comparisons.
Hence, by the deﬁnition of Ar (x, m, i), we see that Algorithm 2.1 executes N −m−i
basic operations such as subtraction and comparison to compute Ar (x, m, i). Noting
that

(N − m)(N − m − 1)
,
(N − m − i) =
2
i∈ZN −m

the total number of subtractions and comparisons for computing all Ar (x, m, i),
i ∈ ZN −m , is O(N 2 ).
Likewise, in step 3, computing Br (x, m, i) deﬁned by Eq. (4) for all i ∈ ZN −m
requires O(N 2 ) operations. By the deﬁnitions Eq.(5) and Eq. (6), computing
Ar (x, m) and Br (x, m) in step 4 needs O(N ) operations. Note that operations
needed in step 5 is O(1).
Summing the number of operations needed in all steps, we obtain that the time
complexity of Algorithm 2.1 is O(N 2 ). The space complexity of Algorithm 2.1 is
clearly O(N ).
3. A Fast Algorithm
The purpose of this section is to develop a fast algorithm for calculating SampEn,
which improves the time complexity of the direct algorithm. To accelerate the computation, we speed up the counting of the number of matched pairs of the input time
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series by treating the subsequences derived from the input time series as the points
in Rm and organizing them in a k-d tree data structure, which is widely used in
computer science and computational geometry, see [Agarwal and Erickson (1999);
Bentley (1980)].
A critical step in computing sample entropy for a given time series x ∈ RN is
to calculate Ar (x, m, i) and Br (x, m, i), i ∈ ZN −m . The proposed fast algorithm
is based on an observation that ﬁnding the number of xm,j for all j ∈ ZN −m \Zi
matched with a given xm,i is equivalent to counting the number of the points
representing xm,j falling into a cube in Rm centered at the point xm,i with the
edge length 2rσ(x). Speciﬁcally, computing Ar (x, m, i) is equivalent to calculating
the number of the points that fall into a hypercube, in Rm , centered at xm,i with
edge length being 2rσ(x), and computing Br (x, m, i) is equivalent to calculating
the number of the points that fall into a hypercube, in Rm+1 , centered at xm+1,i
with edge length being 2rσ(x). We call this counting process the range counting.
These points may be organized in a k-d tree, with which we may assign an
“order” to all subsequences derived from the input time series. Such an “order”
helps us determine whether or not a point is inside a hyperrectangle in Rm . It
accelerates various tasks, such as range counting, range reporting, and ﬁnding the
nearest point. This order exists naturally in the 1-dimensional (1D) space R. For
example, for arbitrary real numbers a, b, and c with a < b and b < c, it must be
a < c. In higher-dimensional spaces, the k-d tree structure gives us a similar order
which reduces the number of comparisons.

3.1. A construction of k-d trees
We describe in this section a construction of a k-d tree for a given multiset of points
in a Euclidian space. The concept of multisets is a generalization of that of sets.
Unlike a set, a multiset allows non-distinct members. The cardinality of a multiset
is the number of its all members, with a repeated member counting the number
of multiplicity. We refer to [Blizard (1989)] for more about the notion of multiset.
Suppose that k and N are positive integers with k  N , and for n ∈ N a point
multiset
S := {xp := [xp,i : i ∈ Zk ] : p ∈ Zn } ⊂ Rk
is given. We construct a k-d tree for the multiset S. First of all, we assign the
level index µ = 1 to the multiset S. The ingredients of the construction include
(1) speciﬁcation of a node associated with the multiset and (2) a deﬁnition of rules
that will be used to split the multiset.
We now consider the ﬁrst ingredient — the node associated with the multiset
S. For the given multiset S, we let C := C(S) denotes the cardinality of S, and let
uS,i := min{xp,i : p ∈ Zn } and vS,i := max{xp,i : p ∈ Zn },

i ∈ Zk .
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Note that when S = ∅, we set uS,i := 0 and vS,i := 1. We then deﬁne uS :=
[uS,i : i ∈ Zk ] and vS := [vS,i : i ∈ Zk ]. Associated with the given multiset S, there
is a unique node which is the triple nS := {C, uS , vS }.
We turn to describing the second ingredient — the splitting rule. We employ
the midpoint splitting rule. For given point multiset S ⊂ Rk with the level index
µ ∈ Zk
• ﬁnd the median mS,µ of the values of the µth coordinate of all points in S and
• split S into two disjoint submultisets S  and S  such that the values of the µth
coordinates of the points in S  are less than mS,µ , and those of the µth coordinates
of the points in S  are not less than mS,µ . Assign to S  and S  the level index
(µ mod k)+1.
With the above ingredients, we now construct the k-d tree of the ﬁnite point multiset
S ⊂ Rk . We assign to S the level index µ = 1 and the k-d tree is constructed
recursively. The root node of the k-d tree of S is the node associated with the
multiset S. By using the splitting rules described above, we split multiset S into
two disjoint submultisets S  and S  , both having the level index µ = 2. The two
child nodes (of the root node) in the k-d tree are the nodes associated with the
multisets S  and S  , respectively. This process is repeated until the submultisets
cannot be further split. We summarize in the following algorithm the construction
of the k-d tree of a given ﬁnite point multiset.
Algorithm 3.1. Algorithm for generating the k-d tree.
Input: A ﬁnite point multiset S ⊂ Rk with the level index µ = 1.
Output: The k-d tree T of S.
Step 1. Generate node N from S.
Step 2. If uS = vS , then split S into two disjoint submultisets S  and S  by the
midpoint split rule. Otherwise, go to step 4.
Step 3. Generate nodes N and N from S  and S  , respectively, and assign them
as two child nodes of N. Let S := S  , S  , respectively, assign them the
level index µ := (µ mod k) + 1, and go to step 1.
Step 4. Stop and output the k-d tree of S.
We now illustrate the algorithm by an example with k = 2. Suppose that S1 is
a multiset of n points in R2 . We assign S1 the level index µ = 1. We count the
cardinality of S1 , and generate vectors uS1 and vS1 . In this way, we have constructed
the node N1 associated with S1 . It serves as the root node of the k-d tree. If
uS1 = vS1 , then we do not split multiset S1 and the k-d tree of S1 has only one
node N1 . If uS1 = vS1 , we then split the multiset S1 into two submultisets S2 and
S3 by the midpoint splitting rule, and assign both of them the level index µ = 2. We
count the cardinality of S2 and S3 and generate vectors uS2 , vS2 , uS3 , and vS3 so
that the nodes N2 and N3 associated with S2 and S3 , respectively, are constructed.
Nodes N2 and N3 are the two child nodes of N1 . If uS2 = vS2 , we do not split
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S2 further and otherwise, we split the multiset S2 into two submultisets by the
midpoint split rule. Likewise, if uS3 = vS3 , we do not split S3 and otherwise, we
split the multiset S3 into two submultisets by the midpoint split rule. We repeat
this process until it terminates. The nodes associated with all resulting submultisets
form the k-d tree of S1 . Figure 1 illustrates the procedure of splitting for the point
multiset S1 := {a, b, c, d, e, f, g} as shown in part (a).
3.2. A counting algorithm
For a given time series, the k-d tree of the multiset associated with it allows us
to speed up the range-counting process, which is crucial for computing its sample
entropy. Suppose that S is a multiset of ﬁnite points in Rk and T is its k-d tree.
For a given cube R ⊆ Rk , we need to count the cardinality of the multiset S ∩ R.
This can be eﬃciently done by using the k-d tree of S. We present in this section
an algorithm based on the k-d tree T of S to count this number.
We ﬁrst deﬁne a counting function. For each node N of T , we deﬁne the rectangle
BN := {x := [xi : i ∈ Zk ] ∈ Rk : ui ≤ xi ≤ vi , i ∈ Zk },
where vectors u := [ui : i ∈ Zk ] and v := [vi : i ∈ Zk ] are the vectors in node N.
We then deﬁne the counting function for a cube R ⊂ Rk and a node N of T by


0,
if BN ∩ R = ∅,


(8)
F (N, R) := C,
if BN ∩ R = BN ,


F (N , R) + F (N , R), otherwise,
where N and N are two child nodes of N, and C is the nonnegative integer in
N. Note that the counting function is deﬁned recursively. The fact that it is well
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Fig. 1. Part (a) illustrates the partition of a multiset S1 . Part (b) shows all submultisets generated
during the procedure of constructing the k-d tree of S1 .
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deﬁned is proved in Corollary A.4. It is proved in Proposition A.6 that
F (N, R) = C(S ∩ R).
The range counting for S with the k-d tree is a recursive process, which runs
the counting function. The order introduced by the k-d tree speeds up the rangecounting process. We next present the algorithm with which we obtain the counting
number.
Algorithm 3.2. Range counting.
Input: A k-d tree T of S with root node Nr and a cube R ∈ Rk .
Output: The counting number C.
• Compute F (Nr , R).
• Output C := F (Nr , R).
Algorithm 3.2 allows us to design a fast algorithm for computing sample entropy.
3.3. A fast algorithm based on k-d trees
Based on Algorithm 3.2, we develop in this section a fast algorithm for calculating
Ar (x, m) and Br (x, m).
We rewrite Ar (x, m) and Br (x, m) in convenient alternative forms. Recall that
m is the template length and r is the tolerance. For a given time series x := [xi :
i ∈ ZN ], we deﬁne
+
:= {xm+1,i : i ∈ ZN −m },
Sm,x := {xm,i : i ∈ ZN −m } and Sm,x

where xm,i and xm+1,i are deﬁned by Eq. (1). For each i ∈ ZN −m , we deﬁne two
sets
Rm,i := {y ∈ Rm : d(y, xm,i ) ≤ rσ(x)}
and
+
Rm,i
:= {y ∈ Rm+1 : d(y, xm+1,i ) ≤ rσ(x)}.

For each x ∈ RN , m ∈ ZN −2 and i ∈ ZN −m , we let
Cr (x, m, i) := C(Sm,x ∩ Rm,i )
and
+
+
Cr+ (x, m, i) := C(Sm,x
∩ Rm,i
).

It is clear that Cr (x, m, i) is the number of points in Sm,x such that
+
such that
d(xm,i , xm,j ) ≤ rσ(x), and Cr+ (x, m, i) is the number of points in Sm,x
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d(xm+1,i , xm+1,j ) ≤ rσ(x). We also deﬁne for all x ∈ RN , m ∈ ZN −2

Cr (x, m) :=
Cr (x, m, i),

(9)

i∈ZN −m



Cr+ (x, m) :=

Cr+ (x, m, i).

(10)

i∈ZN −m

If {xm,i , xm,j } is a matched pair with i = j, i.e., xm,i and xm,j are within the
distance rσ(x), then this pair is counted twice when calculating Cr (x, m). On the
other hand, the self-matched pair {xm,i , xm,i } is counted once in Cr (x, m). By this
observation and by Eq. (5), we reexpress Ar (x, m) in terms of Cr (x, m) as
Ar (x, m) =

1
(Cr (x, m) − N + m) .
2

(11)

Likewise, by Eqs. (6) and (10), we reexpress Br (x, m) in terms of Cr+ (x, m) as
Br (x, m) =


1 +
C (x, m) − N + m .
2 r

(12)

Formulas (11) and (12) provide alternative ways to compute sample entropy. They
will lead to a fast algorithm for computing sample entropy.
According to Eqs. (11) and (12), we may use Algorithm 3.2 to count the number
of matched pairs among pattern templates of a given time series. The next algorithm
is designed for this purpose.
Algorithm 3.3. Counting matched pairs.
Input: Positive integers n and k, a point multiset S = {xi := [xi,l : l ∈ Zk ] : i ∈
Zn } ⊂ Rk and a tolerance d.
Output: The number C of matched pairs.
Step 1. Construct the k-d tree T of S.
Step 2. For each i ∈ Zn , construct the rectangle
Ri :=

k

[xi,l − d, xi,l + d].
l=1

Step 3. For each i ∈ Zn , run Algorithm 3.2 with the input T and Ri and obtain
the output Ci .
Step 4. Compute
C :=

1
2



Ci − n .

i∈Zn

Algorithm 3.3 is now used to compute Ar (x, m) and Br (x, m), and then sample
entropy of x. Speciﬁcally, we compute Ar (x, m) by Algorithm 3.3 with inputs n :=
N − m, k := m, S := Sm,x and d := rσ(x). Likewise, we compute Br (x, m) by
+
and d := rσ(x). The
Algorithm 3.3 with inputs n := N − m, k := m + 1, S := Sm,x
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fast algorithm for calculating sample entropy based on the k-d tree is now described
below.
Algorithm 3.4. Fast algorithm for calculating SampEn.
Input: A time series x = [xi : i ∈ ZN ], a template length m ∈ ZN −2 and a
tolerance r.
Output: The sample entropy SampEn(x, m, r).
+
:= {xm+1,i : i ∈ ZN −m }
Step 1. Generate Sm,x = {xm,i : i ∈ ZN −m } and Sm,x
where xm,i and xm+1,i are deﬁned by Eq. (1). Compute σ(x).
Step 2. Compute Ar (x, m) by Algorithm 3.3 with inputs n := N − m. k := m,
S := Sm,x and d := rσ(x).
Step 3. Compute Br (x, m) by Algorithm 3.3 with inputs n := N − m, k := m + 1,
+
and d := rσ(x).
S := Sm,x
Step 4. Compute SampEn(x, m, r) by Eq. (7).

Algorithm 3.4 is a fast algorithm for computing sample entropy of a time series. In
the next section, we provide complexity analysis for the algorithm.
4. Complexity Analysis
This section is devoted to a complexity analysis of Algorithm 3.4 for computing
sample entropy of a time series.
The algorithm complexity considered here consists of the time complexity and
the space complexity. The time complexity of an algorithm is measured by the
total number of all elementary operations involved in running the algorithm, where
elementary operations include addition/subtraction, multiplication/division, and
comparison of two numbers. For simplicity, we assume in this paper that all elementary operations take the same amount of time. The space complexity of an
algorithm is measured by the number of elementary objects that the algorithm
needs to store during its execution. We assume in this paper that all elementary
objects need the same amount of space.
The complexity analysis of Algorithm 3.4 requires a complexity estimate for
constructing a k-d tree and for range counting. The complexity for constructing the
k-d tree of a point multiset was studied in [Cormen et al. (2001)]. For convenience
of citation, we state below a result from [Cormen et al. (2001)].
Proposition 4.1. Let m and N be integers with m  N . If S ⊆ Rm is a multiset
consisting of N points, the time complexity for constructing the k-d tree of S is
O(N log N ) and the space complexity is O(N log N ).
The time complexity of Algorithm 3.2, which we state below was analyzed in
[Bentley (1980); Lee and Wong (1977)].
Proposition 4.2. Let m and N be integers with m  N . Suppose that S is a
multiset consisting of N points in Rm , T is the k-d tree of S, and R is a cube in
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Rm . If m = 1, then the time complexity of Algorithm 3.2 is O(log N ). If m ≥ 2,
1
then the time complexity is O(mN 1− m ).
We are now ready to present a complexity estimation for Algorithm 3.4.
Theorem 4.3. If x = [xi : i ∈ ZN ] is a time series in RN , m is the template length,
1
and r is the tolerance, then Algorithm 3.4 requires time complexity O(N 2− m+1 ) and
the space complexity O(N log N ).
Proof. We prove this theorem by counting complexity for each step in
Algorithm 3.4.
In step 1, computing the sample standard deviation σ(x) requires O(N ) multiplications and additions and O(1) storage units.
We now estimate the complexity for step 2. Since in step 2 we execute
Algorithm 3.3, we need to consider the time complexity and space complexity
of Algorithm 3.3 with inputs S and rσ(x). Recall that T is the k-d tree of
S = {xm,i : i ∈ ZN −m } ⊂ Rm , where xm,i are deﬁned by Eq. (1). From Proposition 4.1, the numbers of operators and space required for constructing the k-d
tree T are both O(N log N ). In Algorithm 3.3, for each point in S Algorithm 3.2
is executed once. By Proposition 4.2, the number of operations required in Algo1
rithm 3.2 is O(N 1− m ). Since there are N − m points in S, the total number of
1
1
operations required in Algorithm 3.3 is O(N × N 1− m ) = O(N 2− m ).
The same complexity estimates of the time complexity and the space complexity
for step 3 are similarly obtained. The number of operations needed in step 4 is O(1).
Therefore, by summing the estimated numbers of operations and space needed
1
in all steps of Algorithm 3.4, we obtain that its time complexity is O(N 2− m+1 ) and
its space complexity is O(N log N ).
It is possible that some subsequences derived from a time series x coincide with
each other. These coincident points contribute to reducing the time complexity in
calculating sample entropy of the time series. All coincident points can be identiﬁed
during the construction of the k-d tree. Note that the estimation of time complexity
for Algorithm 3.4 in the proof of Theorem 4.3 depends on the number of points
derived from x and a point may represent multiple subsequences of x. As a result,
Theorem 4.3 can be restated as follows.
Theorem 4.4. Suppose that x = [xi : i ∈ ZN ] is a time series in RN , m is the
template length, and r is the tolerance. If x generates n (with n < N ) diﬀerent points
that represent its pattern templates, then the time complexity of Algorithm 3.4 is
1
O(n2− m+1 ).
We remark that in applications, m in Theorem 4.4 is signiﬁcantly smaller than
N . This indicates that the proposed algorithm is indeed a fast algorithm. Examples
that we present in the next section support this point.
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5. A Numerical Experiment
We demonstrate in this section the eﬃciency of the proposed fast algorithm for
computing sample entropy of a time series by a numerical experiment. The purpose
of the experiment is to compare computational performance of Algorithm 3.4 with
that of the direct algorithm. The numerical experiment is conducted on a computer
with dual core processors (each having 2.80 GHz), with 1GB RAM memory and
Windows XP Sp2 operating system.
In this experiment, we consider diﬀerent time series, which include the heart
interbeat interval time series derived from healthy subjects, subjects with congestive
heart failure (CHF), and subjects with atrial ﬁbrillation (AF). The heart-beat data
were obtained from 24-hour continuous heart-beat recording of 72 healthy subjects,
43 CHF subjects, and 9 AF subjects. We also examine 17 surrogate data, which
include stationary signals with diﬀerent correlations, signals with linear, sinusoidal
and power-law trends, and signals with diﬀerent types of nonstationarity. For more
information about surrogate data, see [Chen et al. (2002); Hu et al. (2001)].
For comparison purpose, we also study time series with diﬀerent distributions.
These time series include 30 time series of the uniform distribution, 30 time series of
the Gaussian (standard normal) distribution and 30 time series of the 1/f distribution. For a positive integer N , we let x = [xi : i ∈ ZN ] denote a time series. A time
series x is said to have a uniform (resp. Gaussian) distribution if all xi are events
of independent random variables with the uniform (resp. Gaussian) distribution.
In some circumstances, a time series of the Gaussian distribution is also called a
white noise. The 1/f distribution is generated as follows: start with a time series
of the Gaussian distribution, calculate the Fourier transform of the time series,
then impose a 1/f weight on the power spectrum of its Fourier transform where
f stands for the frequency, ﬁnally we obtain a 1/f distribution by calculating the
inverse Fourier transform. A 1/f distribution is believed to be a good approximation to a type of noise [Costa et al. (2005)] occurred in the physical community.
These time series are illustrated in Fig. 2.
We apply both the direct algorithm and Algorithm 3.4 to these time series.
Table 1 lists the average execution times (measured in seconds) of the direct algorithm and the fast algorithm applied to the healthy subjects, CHF, AF, Gaussian,
1/f , uniform, and surrogate time series when the template length m = 2 and tolerance r = 0.1. In Table 1, D and F denote the direct algorithm and the fast
algorithm, respectively. For all time series in the case of the data length being
64,000, the average execution time of the direct algorithm 2.1 is 100.8 seconds with
the standard deviation 3.41 seconds and that of Algorithm 3.4 is 2.6 seconds with
the standard deviation 0.79 seconds. Figure 3 illustrates the comparison of the two
algorithms. Both Table 1 and Fig. 3 show that Algorithm 3.4 is a fast algorithm.
In Fig. 4, we verify the time complexities of the direct algorithm and Algorithm 3.4, which are given by Proposition 2.2 and Theorem 4.3, respectively. We
recall from these results that the time complexities of the direct algorithm and
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Health
CHF
AF
Gaussian
1/f
Uniform
Surrogate
Fig. 2. Representation of healthy subjects, CHF, AF, Gaussian, 1/f , uniform, and surrogate
time series.

Table 1. Average execution times (in seconds) of the direct algorithm and the fast algorithm
applied to healthy, CHF, AF, Gaussian, 1/f , uniform, and surrogate time series when the template
length m = 2 and tolerance r = 0.1.
Data
length

Healthy
D

1,000 0.0
2,000 0.1
4,000 0.4
8,000 1.6
16,000 6.4
32,000 25.2
64,000 99.1

F

CHF
D

0.0
0.0
0.0
0.1
0.1
0.4
0.2
1.7
0.4
6.5
1.0 25.6
2.4 103.1

AF
F

D

0.0 0.0
0.1 0.1
0.1 0.4
0.2 1.6
0.5 6.3
1.2 24.8
2.7 99.9

Gaussian
F

D

0.0 0.0
0.0 0.1
0.1 0.4
0.2 1.6
0.4 6.1
0.8 24.2
1.9 96.1

F

1/f

Uniform

D

0.0 0.0
0.0 0.1
0.1 0.4
0.2 1.6
0.4 6.2
0.7 24.6
1.5 98.1

F

D

0.0
0.0
0.0
0.1
0.1
0.4
0.2
1.7
0.4
6.6
0.8 26.0
1.9 103.7

1

F

Surrogate
D

0.0
0.0
0.0
0.1
0.1
0.4
0.2
1.8
0.5
7.0
1.3 27.6
3.2 109.9

F
0.0
0.0
0.1
0.3
0.8
2.0
5.5

Algorithm 3.4 are, respectively, O(N 2 ) and O(N 2− m+1 ). Taking the logarithm
(with base 2) of the execution times, we can observe the actual powers of the time
complexities for these two algorithms from the slopes of straight lines illustrated in
Fig. 4. The time complexity of the direct algorithm is about O(N 2 ), which conﬁrms
the theoretical estimate given by Proposition 2.2. The computed time complexities
of Algorithm 3.4 are far less than the theoretical estimate given by Theorem 4.3.
The powers range from 1.15 to 1.23 for diﬀerent value of m and have an average
1.18. We can see that the time complexity in the examples is less than the theoretical one shown in Theorem 4.3. This is because that the theoretical complexity
presents the time complexity of the worst cases. Speciﬁcally, computing the sample
entropy of a time series with length N by Algorithm 3.4 leads to call Algorithm 3.2
1
O(N ) times. Further, in most cases, Algorithm 3.2 does not request O(N 1− m+1 )
elementary operations which happens in the worst case. Hence, in practice, the ele1
mentary operations used in Algorithm 3.4 are less than O(N 2− m+1 ) which is the
theoretical one shown in Theorem 4.3.
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100

Healthy
Healthy
CHF
CHF
AF
AF
Gaussian
Gaussian
1/f
1/f
Uniform
Uniform
Surrogate
Surrogate

Time (in sec.)

80

60

40

Simple algorithm

20

0

Fast algorithm

12 4

8

16

32

64

x10

3

The length of data
Fig. 3. A comparison of execution times of the direct algorithm and Algorithm 3.4, when m = 2
and r = 0.1.

When the data length is small, computational performance of the direct algorithm and Algorithm 3.4 is comparable. It is seen that Algorithm 3.4 performs
much better than the direct algorithm when the data length is large. When the
data length is 64,000, Algorithm 3.4 needs only 2.6% of the execution time required
by the direct algorithm to calculate sample entropy.
6. Conclusion
Extracting the underlying information from time series is important not only for
physiologic systems but also for other dynamic systems. The complexity of a physiologic system can provide information of interacting mechanisms, which drive the
system. Approximate entropy, sample entropy, and multiscale sample entropy of a
time series play important roles in measuring the complexity of its underlying physiologic system. Computation of these entropies of a time series requires to count
the number of matched pairs in its pattern templates.
The direct algorithm for computing sample entropy of a time series requires
time complexity O(N 2 ), where N is its data length. Using the k-d tree to organize
pattern templates of the time series, we design a fast algorithm which speeds up the
calculation of sample entropy. The theoretical time complexity estimate is reduced
1
to O(N 2− m+1 ), where m is the template length. The numerical results indicate
that the execution time needed for the fast algorithm is much less than that given
by the theoretical estimate. The proposed fast algorithm makes it possible to deal

September
S1793536911000775

2,

2011 11:13 WSPC/1793-5369 244-AADA

A Fast Algorithm for Computing Sample Entropy

181

3

2
1.5
1
0.5
0

3

Simple
slope = 1.9969

Healthy
Healthy
CHF
CHF
AF
AF
Gaussian
Gaussian
1/f
1/f
Uniform
Uniform
Surrogate
Surrogate

−0.5
−1

Fast
slope = 1.1587

−1.5
−2
1

2

3

4

5

Healthy
Healthy
CHF
CHF
AF
AF
Gaussian
Gaussian
1/f
1/f
Uniform
Uniform
Surrogate
Surrogate

2.5

The logarithm of time in sec.

The logarithm of time in sec.

2.5

2
1.5
1
0.5
0
−0.5
−1

Fast
slope = 1.1594

−1.5

6

−2
1

7

2

The logarithm of the length of data
8

4

2

0

Simple
slope = 2.0057

2

Fast
slope = 1.1544

4

6

1

2

3

4

5

6

4

2

0

The logarithm of time in sec.

6

4

2

0

5

6

7

Simple
slope = 2.0038

2

Fast
slope = 1.1802

4

6

7

1

2

The logarithm of the length of data
8

4

Healthy
Healthy
CHF
CHF
AF
AF
Gaussian
Gaussian
1/f
1/f
Uniform
Uniform
Surrogate
Surrogate

6

The logarithm of time in sec.

The logarithm of time in sec.

6

3

The logarithm of the length of data

8
Healthy
Healthy
CHF
CHF
AF
AF
Gaussian
Gaussian
1/f
1/f
Uniform
Uniform
Surrogate
Surrogate

Simple
slope = 2.0053

3

4

5

6

7

The logarithm of the length of data

Healthy
Healthy
CHF
CHF
AF
AF
Gaussian
Gaussian
1/f
1/f
Uniform
Uniform
Surrogate
Surrogate

Simple
slope = 2.0015

2

Fast
slope = 1.2270
4

6

1

2

3

4

5

6

7

The logarithm of the length of data

Fig. 4. The logarithm of the execution time with diﬀerent m for the direct algorithm and Algorithm 3.4.

with physiologic time series of large size in a ﬁxed time period. Physiologic time
series of large size would allow us to extract more accurate information for clinical
purposes.
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Appendix
Here we present lemmas and propositions that lead to Algorithm 3.2.
Lemma A.1. Let S ⊆ Rk be a ﬁnite multiset and T be the k-d tree of S. Suppose
that N is a node of T . If uBN ∩S = vBN ∩S , and BN ∩ S is split into two multisets
S  and S  by the midpoint splitting rule, then
S  = B N ∩ S

(A.1)

and
S  = BN ∩ S,






(A.2)


where N and N are associated with S and S , respectively.
Proof. Since BN ∩ S is split into two multisets S  and S  by the midpoint splitting
rule, we have that
BN ∩ S = S  ∪ S  .

(A.3)

Without loss of generality, we assume that BN ∩ S is split into two multisets S  and
S  by the midpoint split rule with i = l, for some l ∈ Zk . We also assume for all
x := [xi : i ∈ Zk ] ∈ S  and y := [yi : i ∈ Zk ] ∈ S  that
xl < yl .

(A.4)

We now prove Lemma A.1. Note that S  ⊆ S and S  ⊆ S. From the deﬁnitions
of BN and BN , we know that
S  ⊆ B N ∩ S

(A.5)

S  ⊆ BN ∩ S.

(A.6)

S  ⊇ BN ∩ S.

(A.7)

and

It suﬃces to prove that

Assume to the contrary that there exits x∗ := [x∗i : i ∈ Zk ] ∈ BN ∩ S such that
x∗ ∈
/ S .

(A.8)

From Eq. (A.4) and the deﬁnitions of BN and BN we know for all y := [yi : i ∈
Zk ] ∈ BN that x∗l < yl . This implies that
/ BN ∩ S.
x∗ ∈

(A.9)
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Combining Eqs. (A.6) and (A.9) yields that
/ S  .
x∗ ∈

(A.10)

From Eqs. (A.3), (A.8) and (A.10) we obtain that
/ BN ∩ S.
x∗ ∈

(A.11)



On the other hand, since S ⊆ BN ∩ S, from the deﬁnition of BN we know that
BN ⊆ BN . Thus, noting that x∗ ∈ BN ∩ S, we obtain that x∗ ∈ BN ∩ S, which
contradicts Eq. (A.11). The contradiction ensures that Eq. (A.7) must be satisﬁed,
and as a result, Eq. (A.1) holds.
Equation (A.2) is proved similarly with S  , S  , N , and N being replaced by

S , S  , N , and N , respectively.
A node N of T is said to be uniquely associated with a submultiset A ⊆ S if
for all sub-multisets B ⊆ S, with which N is associated, we have that A = B. In
the next lemma, we show that each node N of T is uniquely associated with the
multiset BN ∩ S.
Lemma A.2. Let S ⊆ Rk be a ﬁnite multiset and T be the k-d tree of S. Then, N
is uniquely associated with the multiset BN ∩ S.
Proof. It can be shown by induction that N is a node of T associated with the
multiset BN ∩ S, beginning with assuming that N is the root node of T .
It remains to prove the uniqueness. Suppose that N is associated with a multiset
S̃ ⊆ S. It suﬃces to prove that
S̃ = BN ∩ S.

(A.12)

From the deﬁnition of BN , we conclude that S̃ ⊆ BN , from which we have that
S̃ ⊆ BN ∩ S

(A.13)

because S̃ ⊆ S. Since N is associated with both multisets BN ∩ S and S̃, by the
deﬁnition of N, we observe that
C(BN ∩ S) = C(S̃).

(A.14)

Combining relations (A.13) and (A.14) yields Eq. (A.12).
We now turn to proving lemmas that will be employed to show that function F
in Eq. (8) is well deﬁned.
Lemma A.3. Let S ⊆ Rk be a ﬁnite multiset and T be the k-d tree of S. If N is
a node of T, then either N has two child nodes, or N is a leaf node. Moreover, if N
is a leaf node of T, then for all cubes R ⊂ Rk
BN ∩ R = BN , or BN ∩ R = ∅.

(A.15)

Proof. Lemma A.2 ensures that N is uniquely associated with BN ∩ S. If node
N is not a leaf node of T , then, from step 2 of Algorithm 3.1 we have that
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uBN ∩S = vBN ∩S . Thus, from Algorithm 3.1, we know that N has two child nodes.
This proves the ﬁrst statement.
To prove the second statement, we let N be a leaf node of T . Then, uBN ∩S =
vBN ∩S , which implies that either BN ∩ S consists of a single point, or all points in
BN ∩ S are coincident, or BN ∩ S is empty. When BN ∩ S consists of a single point,
or all points in BN ∩ S are coincident, we conclude that Eq. (A.15) holds for all
cubes R ⊂ Rk . When BN ∩S is empty, we see for all cubes R ⊂ Rk that BN ∩R = ∅,
proving Eq. (A.15).
The following corollary is an immediate consequence of Lemma A.3.
Corollary A.4. Let S ⊆ Rk be a ﬁnite multiset and T be the k-d tree of S. For a
given node N of T, if there exists a cube R ⊂ Rk such that
BN ∩ R = BN ,

and

BN ∩ R = ∅,

(A.16)

then N has two child nodes.
Lemma A.5. Let S ⊆ Rk be a ﬁnite multiset, T be the k-d tree of S, and N be a
node of T . Suppose that R is a cube in Rk . If BN ∩ R = ∅ or BN ∩ R = BN , then
F (N, R) = C(BN ∩ S ∩ R).

(A.17)

Proof. If BN ∩ R = ∅, we see BN ∩ S ∩ R = ∅. Thus, by the deﬁnition of function
F , we have that F (N, R) = 0. This leads to Eq. (A.17).
If BN ∩ R = BN , then BN ∩ S ∩ R = BN ∩ S. Thus, by Lemma A.2 we conclude
that N is uniquely associated with BN ∩ S ∩ R. Hence, Eq. (A.17) holds.
The following proposition ensures that the output of Algorithm 3.2 is equal to
C(S ∩ R).
Proposition A.6. Suppose that S ⊂ Rk is a ﬁnite multiset and R ⊆ Rk is a cube.
If T is the k-d tree of S with the root node Nr , then F (Nr , R) is equal to C(S ∩ R).
Proof. It suﬃces to prove that for each node N of the k-d tree T
F (N, R) = C(BN ∩ S ∩ R).

(A.18)

We prove Eq. A.18 by induction. We assume that N is a leaf node of T . By
Lemma A.3, we know that BN ∩ R = BN or BN ∩ R = ∅. Thus, from Lemma
A.5, we conclude that Eq. (A.18) holds.
We assume that N is a node of T but not a leaf node. Lemma A.3 ensures that
N has two child nodes N and N . We assume that
F (N , R) = C(BN ∩ S ∩ R) and F (N , R) = C(BN ∩ S ∩ R),

(A.19)

and prove that Eq. (A.18) holds for the particular node N.
If BN ∩ R = BN or BN ∩ R = ∅, Lemma A.5 yields Eq. (A.18). Otherwise, the
deﬁnition of F ensures that
F (N, R) = F (N , R) + F (N , R).

(A.20)
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By Lemma A.2, N is uniquely associated with BN ∩ S. Since N has two child nodes
N and N , from Algorithm 3.1 we know that BN ∩ S is split into two submultisets
S  and S  having the property
BN ∩ S = S  ∪ S 

(A.21)

S  ∩ S  = ∅,

(A.22)

and

and that N and N are associated with S  and S  , respectively. By Lemma A.1,
we have that
S  = B N ∩ S

and S  = BN ∩ S.

(A.23)

Substituting Eq. (A.23) into Eqs. (A.21) and (A.22), and then taking the intersection of R with both sides of the resulting equation, we have that
BN ∩ S ∩ R = (BN ∩ S ∩ R) ∪ (BN ∩ S ∩ R)

(A.24)

(BN ∩ S ∩ R) ∩ (BN ∩ S ∩ R) = ∅.

(A.25)

and

Equations (A.24) and (A.25) yield that
C(BN ∩ S ∩ R) = C (BN ∩ S ∩ R) + C (BN ∩ S ∩ R) .

(A.26)

Substituting Eqs. (A.19) into (A.26), we obtain that
C(BN ∩ S ∩ R) = F (N , R) + F (N , R).

(A.27)

Combining Eqs. (A.20 ) and (A.27) leads to Eq. (A.18). Therefore, by the induction
principle, we have completed the proof of this lemma.
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